Tripod configurations of curves by Chen, Eric & Lourie, Nick
TRIPOD CONFIGURATIONS OF CURVES
ERIC CHEN AND NICK LOURIE
Abstract. Tripod configurations of plane curves, formed by certain triples of normal lines co-
inciding at a point, were introduced by Tabachnikov, who showed that C2 closed convex curves
possess at least two tripod configurations. Later, Kao and Wang established the existence of tripod
configurations for C2 closed locally convex curves. In this paper we generalize these two results,
answering a conjecture of Tabachnikov on the existence of tripod configurations for all C2 closed
plane curves by proving existence for a generalized notion of tripod configuration. We then demon-
strate the existence of the natural extensions of these tripod configurations to the spherical and
hyperbolic geometries for a certain class of convex curves, and discuss an analogue of the problem
for regular plane polygons.
1. Introduction
As introduced by Tabachnikov in [11], a tripod configuration for a C2 convex closed curve γ
consists of three perpendicular lines dropped from three points on γ meeting at a single point and
together making angles of 2pi/3. Tabachnikov proved that all C2 closed convex curves have at least
two tripod configurations, and later Kao and Wang [5] showed the existence and provided a lower
bound on the number of tripod configurations as defined for locally convex curves.
Below in this section we fix the definitions for tripod configurations of closed curves in the plane to
be used later. In Section 2 we present previous results on tripod configurations; curves are assumed
to be C2 and closed unless otherwise specified. In Section 3 we give an improved lower bound over
the result in [5] for the number of tripod configurations possessed by locally convex plane curves. In
Section 4 we generalize the notion of tripod configurations to “triple normals,” and show that these
“triple normals” exist for any C2 closed plane curve. It follows as a corollary of this result that
every C2 closed plane curve (including immersed curves possibly with self intersections) has at least
one tripod configuration. In Sections 5 through 8 we extend the notion of tripod configurations to
the spherical and hyperbolic geometries and show the existence of tripod configurations for convex
closed curves sufficiently close to circles. Finally, in Section 9 we describe an extension of the notion
of tripod configurations for regular polygons.
The consideration of tripod configurations arises from the discussion of the four vertex theorem
and related results from Tabachnikov [11]. Tripod configurations are also natural generalizations
of two classical notions, the Fermat-Toricelli point and double normals of closed curves.
The Fermat-Toricelli point of a triangle is the unique point minimizing the sum of the distances
from the three vertices of the triangle to the point; when no angle of the triangle exceeds 2pi/3, the
lines from the triangle vertices to the Fermat-Toricelli point form angles of 2pi/3; otherwise, the
Fermat-Toricelli point coincides with a triangle vertex. Thus, the intersection of the three lines of
a tripod configuration of convex closed curve γ is exactly the Fermat-Toricelli point of the triangle
with vertices given by the three points on γ from which the perpendiculars are dropped.
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P
Figure 1. The Fermat-Toricelli point P of a triangle
The study of double normals or diameters, chords of closed curves (or surfaces) meeting the curves
orthogonally, appears for example in [3] and [7], in which lower bounds and formulae connecting
double normals and tangency lines are established. Double normals also arise in the context of
curves of constant width; for instance, see [12]. Tripod configurations are then an extension to
three normals with “nice” meeting (evenly spaced angles of 2pi/3) from the double normals setting
with two coincident normals.
We next consider the following definitions for tripod configurations of C2 closed plane curves.
Definition 1. Given a closed plane curve γ, a tripod configuration of γ consists of three lines
normal to the curve all coincident at a single point and together forming three angles of 2pi/3.
Definition 2. Given a closed plane curve γ, a tripod configuration of γ consists of three lines
normal to the curve all coincident at a single point such that the sum of the three unit normal
vectors (oriented according to the curve orientation) associated to the three normal lines is 0.
(a) Definitions 1 and 2 (b) Definition 1 (c) Definitions 1 and 2
Figure 2. Tripod configurations
Definition 1 is more general than Definition 2; in Figure 2, each subfigure is labeled with the
definitions it satisfies. In both [11] and [5] Definition 1 is the one explicitly stated and motivated
as discussed above, while the stronger Definition 2 is the one used in the proofs of the theorems.
In proving our results below we will use the original Definition 1.
Finally, for convenience, we fix the following definition.
Definition 3. A tripod point is the point at which three lines in a tripod configuration intersect.
In particular, a single tripod point may be associated with many, even infinitely many, tripod
configurations, as in the case of a circle.
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2. Prior results and statement of theorems
In this section we present the main theorems of [11] and [5], and then list the five results we
prove in this paper. We omit the proof of the lower bound estimate in Theorem 2.2 from [5], since
in Theorem 3.1 we will give a precise count for what is estimated there.
Theorem 2.1 (Tabachnikov [11]). Every smooth (C2) closed convex plane curve has at least two
tripod configurations.
Proof. Let γ(s) be an arc length parametrization of the curve, and let t(s) = γ′(s), n(s) =
γ′′(s)/|γ′′(s)|, the tangent and normal unit vectors to the curve at γ(s), respectively. Further
let α(s) be the angle made by γ′(s) with some fixed direction. We may also parametrize the curve
by α, so that γ(α), t(α), n(α) are in analogy to the above. Define
q(α) = γ(α) · n(α),
p(α) =
d
dα
q(α) = −γ(α) · t(α).
Let `(α) and ¯`(α) denote the normal and tangent lines to the curve at γ(α), respectively. Then
the equilateral triangle bounded by the normal lines `(α), `(α+ 2pi/3), `(α+ 4pi/3) has area
1√
3
(p(α) + p(α+ 2pi/3) + p(α+ 4pi/3))2,
and the equilateral triangle bounded by the tangent lines ¯`(α), ¯`(α+ 2pi/3), ¯`(α+ 4pi/3) has area
1√
3
(q(α) + q(α+ 2pi/3) + q(α+ 4pi/3))2.
Thus a tripod configuration is achieved by `(α), `(α + 2pi/3), `(α + 4pi/3) exactly when p(α) +
p(α+2pi/3)+p(α+4pi/3) = 0, which happens at least twice since q(α)+ q(α+2pi/3)+ q(α+4pi/3)
is periodic and attains a maximum and minimum.

Remark. In the proof above, ¯`(α), ¯`(α + 2pi/3), ¯`(α + 4pi/3) form an equilateral triangle that
circumscribes the curve γ, and α at which this triangle attains a local maximum or minimum area
are such that `(α), `(α+ 2pi/3), `(α+ 4pi/3) form tripod configurations of the curve.
The functions q(α) and p(α) defined in the proof above both have useful geometric interpreta-
tions: q(α) is the “support function,” which for a convex closed curve γ represents the distance
from an origin chosen inside the region enclosed by the curve to the (unique) tangent line on γ in
the positive α direction, and p(α) is the distance from the origin to the normal line to γ associated
with the tangent line of q(α).
The support function q(α) may in fact be used to define the original closed convex curve γ.
And using q(α) we may easily define curves equidistant to γ-that is, curves of the form γr(s) =
γ(s) + rn(s), by defining the corresponding support function qr(α) = q(α) + r. From this property
it follows that γ has the same tripod configurations as its convex equidistant curves; in fact it is
easy to see that this holds regardless of whether the equidistant curves are convex or not, allowing
for wavefronts with co-orientation, despite cuspidal singularities.
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Figure 3. Equidistant curves share normal lines and tripod configurations
Remark. When q(α) + q(α + 2pi/3) + q(α + 4pi/3) is constant, or equivalently when the equi-
lateral triangles circumscribing γ defined by the tangent lines at γ(α), γ(α + 2pi/3), γ(α + 4pi/3)
have constant area, then by the proof of Theorem 2.1 every line normal to γ belongs to a tripod
configuration of γ. Properties of these closed curves, called ∆-curves, which may be rotated freely
inside an equilateral triangle in contact with all its sides, may be found in [12].
Theorem 2.2 (Kao and Wang [5]). A smooth (C2) closed locally convex plane curve with rotation
index n has at least n2/3 tripod configurations.
Proof. Let γ be a smooth closed locally convex plane curve with rotation index n. We may pa-
rametrize γ by the angle α which γ′ makes with a fixed direction for α (mod 2pin). Let q, p be as
defined in the proof of Theorem 2.1. Define
Pi,j,k(α) = p(α+ 2pii/3) + p(α+ 2pij/3) + p(α+ 2pik/3),
where i, j, k ∈ {0, 1, . . . , 3n} and {i, j, k} ≡ {0, 1, 2} (mod 3). By the same argument as in the
proof of Theorem 2.1, the critical points of the functions Pi,j,k correspond to tripod configurations of
γ, and the minimum number of tripod configurations is then twice the number of Pi,j,k distinct. The
problem becomes to count the number of distinct classes of such Pi,j,k with i, j, k ∈ {0, 1, . . . , 3n}
and {i, j, k} ≡ {0, 1, 2} (mod 3) given by the relation Pi,j,k ∼ Pi′,j′,k′ whenever {i, j, k} ≡ {i′ +
m, j′ + m, k′ + m} for some m ∈ Z. See [5] for the proof of the lower bound n2/6 on the number
of such distinct classes. 
We conclude by stating the results we will prove in the remainder of this paper. The last two
theorems require some further definitions which will be discussed in their respective sections.
Theorem (Theorem 3.1). A smooth (C2) closed locally convex plane curve with rotation index n
has at least 2dn2+23 e tripod configurations, where d·e denotes the greatest integer or ceiling function.
Theorem (Theorem 4.2). Given a smooth (C2) closed plane curve γ and three angles θ1, θ2, θ3,
such that θ1 + θ2 + θ3 = 2pi and θ1, θ2, θ3 < pi, there exist three normals to γ intersecting at a single
point and forming angles θ1, θ2, and θ3.
Corollary (Corollary 4.3). A smooth (C2) closed plane curve has at least one tripod configura-
tion. In particular, immersed plane curves with self intersection also possess at least one tripod
configuration.
Theorem (Theorem 5.1). Every smooth (C2) closed curve sufficiently close to a circle (excluding
great circles on the sphere) in the spherical or hyperbolic geometry has at least two tripod configu-
rations.
Theorem (Theorem 9.1). A regular n-vertex polygon has n tripod configurations if 3 - n and has
n/3 tripod configurations if 3 | n.
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3. An improved lower bound for Theorem 2.2
In this section we count the number of distinct functions Pi,j,k described in the proof of Theorem
2.2 above to establish an improved lower bound over that in Theorem 3.
Theorem 3.1. A smooth (C2) closed locally convex plane curve with rotation index n has at least
2dn2+23 e tripod configurations, where d·e denotes the greatest integer or ceiling function.
Proof. Counting the number of distinct functions Pi,j,k reduces to counting the number of distinct
classes of {i, j, k} ⊂ {0, 1, . . . , 3n−1} with {i, j, k} ≡ {0, 1, 2} (mod 3) under the relation {i, j, k} ≡
{i′, j′, k′} whenever {i, j, k} = {i′ +m, j′ +m, k′ +m} (mod 3n) for some m ∈ Z.
To count these equivalence classes, we may consider only those {i, j, k} as specified above with
i = 0, j ≡ 1 (mod 3), and k ≡ 2 (mod 3), and count the distinct number of these modulo the given
equivalence relation; indeed, given {i, j, k} with i, j, k being 0, 1, 2 modulo 3 respectively, we have
{i, j, k} ≡ {i− i, j − i, k− i}, where i− i = 0, j − i ≡ 1 (mod 3), and k− i ≡ 2 (mod 3). And each
such {0, j, k} is equivalent to at most two others of the same form; in general the following three are
equivalent: {0, j, k}, {0, k−j,−j}, {0,−k, j−k}. Whether any of these might be pairwise equivalent
occurs only for {0, n, 2n} if 3 - n, and never if 3|n (because then all of 0, n, 2n are divisible by 3 so
that {0, n, 2n} is not one of the sets under consideration). Accounting for the duplicates out of the
n2 possible sets {0, j, k} satisfying the desired conditions gives the result. 
Remark. The case n = 1 is exactly the case of smooth closed convex plane curves addressed
in Theorem 2.1; the only function of the form Pi,j,k is P0,1,2, and there are at least two tripod
configurations. The lower bound given in Theorem 3.1 is sharp in the case n = 1 [5], but it is
unknown whether it is sharp in general. This improved lower bound also extends to the setting
of the existence of tripod configurations for co-orientable wave fronts with total rotation 2pin by
considering equidistant curves of locally convex curves, as mentioned earlier.
4. The Triple Normal Intersection Theorem
We begin by giving a definition of a generalization of the first isogonic center from classical
geometry. The first isogonic center of a triangle 4ABC is constructed as follows: take a circle
about each of AB,BC, and CA such that each line segment cuts a chord with angular measure
4pi/3 from its corresponding circle, as shown in Figure 4. Then these circles all intersect at a point
I1, which is called the first isogonic center of 4ABC.
I1
A
B
C
Figure 4. The first isogonic center I1 of 4ABC
Let τ1, τ2, τ3 ∈ [0, 2pi) such that τ1 + τ2 + τ3 = pi. Then we define the τ1, τ2, τ3−centers of 4ABC
as follows:
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Definition 4 (τ1, τ2, τ3−centers). A τ1, τ2, τ3−center of 4ABC is constructed by forming circles
around each of the chords AB, BC, and CA such that these chords cut arcs on the circles of
measures 2τ1, 2τ2, and 2τ3 lying on the same sides of the chords as points C,A, and B, respectively,
as shown in Figure 5. These circles will intersect at a point, and this point is a τ1, τ2, τ3−center of
4ABC. Note that this point is only unique for fixed orderings of A,B,C.
We’ll now prove that the three circles described above intersect at a single point.
Proof. Construct three circles such that AB, BC, and AC form chords defining arcs of measure
2τ1, 2τ2, and 2τ3, respectively.
Suppose the circles with chords AB and BC intersect at distinct points P and B. Without loss
of generality, we may assume that this intersection occurs in three cases. Either P is closer to the
chord AC than B, P is the same point as B, or P is farther away from AC than B.
A
B
C
P
τ1
τ2
τ3
(a) P closer than B
A
P = B
C
τ1
τ2
τ3
(b) P = B
A
B
C
P
τ1
τ2
τ3
(c) P farther than B
Figure 5. Three possible cases for position of B
By hypothesis, P lies on the circles about AB and BC, as one of their points of intersection.
Notice that τ3 + ]CPA = pi, since:
]APB + ]BPC + ]CPA = 2pi,
(pi − τ1) + (pi − τ2) + ]CPA = 2pi,
(pi − τ1 − τ2) + ]CPA = pi.
Therefore P also lies on the circle about AC. 
We need to recall a few more definitions before proving the central property of τ1, τ2, τ3−centers.
Definition 5 (Antipedal Triangle). Given a triangle ABC and a point P , the triangle antipedal to
4ABC with respect to P is the triangle with sides lying on the lines normal to AP,BP , and CP
through the points A,B, and C, respectively.
Definition 6. Define an equivalence relation on T, the set of planar triangles, by 4ABC ∼
4DEF ⇐⇒ 4ABC and 4DEF are similar with the same orientation (so that in general a
triangle is not equivalent to its reflection). Then define T = T/ ∼, the set of equivalence classes of
triangles under this relation.
We now state and prove a key property of these generalized first isogonic centers:
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Proposition 4.1. Given T ∈ T and 4ABC, any 4DEF ∈ T of maximal area and circumscribing
4ABC is the antipedal triangle to 4ABC with respect to some τ1, τ2, τ3−center, where τ1, τ2, τ3
are the angles of the vertices of 4DEF .
Proof. Let τ1, τ2, τ3 be the angles of the vertices of the triangles in T , enumerated clockwise; we
may assume 4DEF ∈ T is oriented relative 4ABC as in Figure 6, relabeling vertices if necessary.
D
E
F
A
B
C
τ1
τ2
τ3
Figure 6. 4DEF and 4ABC
Perform the construction used to justify Definition 4 on 4ABC with angles τ1, τ2, τ3, labeling
as O1 the center of the circle circumscribing 4DAB and O2 the center of the circle circumscribing
4EBC, as shown in Figure 7. For any point D′ sufficiently close to D on the arc ADB, we
may define E′ to be the intersection point of line DB and arc BEC distinct from B, and define
F ′ analogously with line DA and arc AFC. Then 4D′E′F ′ ∈ T , and ∠D′ ≡ ∠D, ∠E′ ≡ ∠E,
∠F ′ ≡ ∠F . By hypothesis the length D′E′ should be maximized when D′ = D,E′ = E.
D′
E′
F ′
A
B
C
P
O1
O2
x
y
Figure 7. Maximizing D′E′
Define O1x and O2y to be the shortest lines from O1 and O2 to the line segment D′E′, respec-
tively; O1x perpendicularly bisects D′B and O2y perpendicularly bisects BE′. So the length of
D′E′ is twice the length of xy, and xy is maximal when it is parallel to O1O2, thus perpendicular
to PB. Therefore DE is perpendicular to PB. Repeating this argument on all three sides of the
triangle shows that 4DEF is antipedal to 4ABC with respect to P . 
We are now ready to state and prove the main theorem of this section.
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Theorem 4.2 (Triple Normal Intersection Theorem). Given a smooth (C2) closed plane curve γ
and three angles θ1, θ2, θ3, such that θ1 + θ2 + θ3 = 2pi and θ1, θ2, θ3 < pi, there exist three normals
to γ intersecting at a single point and forming angles θ1, θ2, and θ3.
Proof. Define τ1 = pi − θ1, τ2 = pi − θ2 and τ3 = pi − θ3, and choose T ∈ T such that the angles of
the vertices of the triangles in T are τ1, τ2, and τ3 respectively. Because the curve γ is C
2 smooth,
there exists a triangle 4DEF ∈ T of maximal area circumscribing γ, and there exist distinct
points A,B,C lying in the intersections of γ and FD,DE,EF , respectively. Furthermore, 4DEF
is also a triangle of maximal area in T circumscribing 4ABC. Indeed, any triangle in the class
T circumscribing 4ABC is contained inside (and no larger than) a triangle circumscribing γ by
moving the sides “outward” one by one.
D
E
F
B
C
A
(a) Maximal triangle circumscribing γ
B
C
A
(b) Moving the sides “outward”
Figure 8. Maximal circumscribing triangles
Since 4DEF ∈ T is the triangle of maximal area circumscribing 4ABC, it is antipedal to
4ABC by Proposition 4.1. So the three normal lines to γ at A,B,C, all intersect at a point,
forming the required angles. 
Setting θ1 = θ2 = θ3 = 2pi/3 in Theorem 4.2 above gives us the following result.
Corollary 4.3. A smooth (C2) closed plane curve has at least one tripod configuration. In partic-
ular, immersed plane curves with self intersection also possess at least one tripod configuration.
5. Spherical and Hyperbolic Geometry: A Morse Theoretical Approach
We now extend our definition of tripod configurations to the spherical and hyperbolic geometries
and again consider the question of which types of curves posess tripod configurations. Our strategy
is to take a general curve and define a parameter space (a manifold with boundary) with a function
defined on it; the pair is constructed so that the critical points of this function correspond to tripod
configurations of the original curve. Using Morse theory for manifolds with boundary [8], we then
bound from below the number of critical points this function must possess on this parameter space,
thus giving a lower bound the number of tripod configurations of a curve. Below, we define a
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natural extension of tripod configurations to general geometries, state our main results, and review
the necessary Morse theory for the following two sections.
Definition 7. Given a C2 closed curve γ, a tripod configuration of γ consists of three geodesics
normal to the curve, all coincident at a single point and pairwise making angles of 2pi/3.
This is our original definition with geodesics replacing straight lines. We now state the following
main result to be proven in Sections 5 through 8.
Theorem 5.1. Every smooth (C2) closed curve sufficiently close to a circle (excluding great circles
on the sphere) in the spherical or hyperbolic geometry has at least two tripod configurations.
By sufficiently close to a circle we mean that the maximal diameter of the curve’s evolute must
be small in comparison to the minimal diameter of the curve. We exclude the case of curves close to
a great circle in the spherical geometry since the necessary computations in Section 7 are restricted
points lying in a single hemisphere. This qualitative result gives the existence of a neighborhood
around the circle in which smooth perturbations all contain 2 tripod configurations. We now
introduce our parameter space and scalar function.
Definition 8 (Tripod Configuration Space). Given a smooth closed curve γ in a smooth 2-
dimensional manifold, let R be the region enclosed by γ and γ be a parallel curve to γ of constant
distance  away (in the “outward” direction, not in R). Then the tripod configuration space of γ is
Pγ = γ × γ × γ ×R.
In what follows we use the coordinates, (t, u, v, p) where t, u, v ∈ γ and p ∈ R, to discuss points
in Pγ . The region R includes its boundary, and since γ is a smooth curve, Pγ is a smooth manifold.
Definition 9 (Tripod Functional). The Tripod Functional of a curve, γ, is the function, f : Pγ → R
defined by (t, u, v, p) 7→ ρ(t, p) + ρ(u, p) + ρ(v, p) where ρ is the distance function on the ambient
manifold.
Note that f is a smooth function except possibly where t, u, or v coincides with p. But since
the region R is contained properly within γ, these points do not exist in our domain, and thus f
is smooth. For generic curves, this functional is Morse, i.e. has a non-singular Hessian. Below we
establish that certain equivalence classes of its critical points from the interior of Pγ correspond to
the tripod configurations of γ.
Proposition 5.2. Let C be the set of interior critical points of f , and let (t, u, v, p) ∼ (x, y, z, p) if
σ(t, u, v) = (x, y, z) for some permutation on three objects σ ∈ S3. Then for every element of C/ ∼,
γ has at least one tripod configuration.
Proof. The functional f has an interior critical point at (t0, u0, v0, p0) precisely when 5f = 0 at
that point, which implies:
d
dt
|t0f =
d
dt
|t0ρ(t, p0) = 0,
d
du
|u0f =
d
du
|u0ρ(u, p0) = 0,
d
dv
|v0f =
d
dv
|v0ρ(v, p0) = 0.
So t0, u0, and v0 are critical points of the function x 7→ ρ(x, p). Thus, the (arc length minimizing)
geodesic segments t0p0, u0p0, and v0p0 are orthogonal to the curve γ, and pairwise form angles of
2pi/3. This is true since in general ddyρ(x, y) gives the unit vector pointing from y to x, and
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0 =
d
dp
|p0f =
d
dp
|p0ρ(t0, p) +
d
dp
|p0ρ(u0, p) +
d
dp
|p0ρ(v0, p).
So the geodesic lines through t0p, u0p, and v0p form a tripod configuration of γ. Because we
can permute the first three coordinates of our configuration space in six ways, there are exactly six
critical points of the functional f corresponding to a single tripod configuration. 
Remark. The critical points described above detect tripod configurations with tripod points inside
the curve only; tripod configurations as in Figure 2(c) with tripod points occuring outside of the
curve will not be counted.
Morse theory for a functional f on a manifold M with boundary is concerned with the critical
points of f in the interior of M and the critical points of f when restricted to ∂M . In our situation,
the functional f has critical points in the interior of Pγ whenever 5f is zero and has critical
points when restricted to ∂Pγ whenever 5f points either outwards or inwards orthogonally to Pγ
from ∂Pγ . The first situation corresponds to tripod configurations of γ as discussed in Proposition
5.2. Using the notation of Laudenbach [8], the last two situations correspond to Dirichlet or D
type critical points, and Neumann or N type critical points, respectively; a critical point is said
to be type D if the gradient vector points orthogonally outward along the boundary, and type
N if the gradient vector points orthogonally inward along the boundary. Letting n(p) be the
outward pointing normal at the boundary point p, this condition may equivalently be formulated
as (5f |p, n(p)) > 0 for type D critical points, and (5f |p, n(p)) < 0 for type N critical points.
The Morse index of a critical point denotes the number of negative eigenvalues of the Hessian
Hess(f) at that point. Following [8], given a manifold with boundary M , we fix the following
notation:
Ck: denotes the set of critical points of f : int(M)→ R of index k.
Nk: denotes the set of critical points of f : ∂M → R of type N and index k.
Dk: denotes the set of critical points of f : ∂M → R of type D and index k − 1.
| · |: denotes the cardinality of the indicated finite set.
We define the Morse polynomials MNf and MDf as follows:
MNf (T ) =
∑
k
|Ck ∪Nk|T k,
MDf (T ) =
∑
k
|Ck ∪Dk|T k.
We define PM , the Poincare´ polynomial of M :
PM (T ) =
∑
k
rank Hk(M ;Z) T k.
We then have the following theorem from [8]:
Theorem 5.3 (Laudenbach). We have
MNf (T )− PM (T ) = (1 + T )QN (T ),
MDf (T )− TnPM (1/T ) = (1 + T )QD(T ),
where QN (T ) and QD(T ) are polynomials with nonnegative coefficients, and n is the dimension of
the manifold M .
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p0
γ
γ
t0, u0, v0
Figure 9. A type N critical point
To study the number of critical points our tripod functional possesses in the interior of the tripod
configuration space using Theorem 5.3, we will analyze its type D critical points. We make this
choice since our configuration space may possess infinitely many type N critical points along the
boundary. Indeed, in Figure 9, when t0 = u0 = v0 and p0 is the closest point in R to t0 = u0 = v0,
then the direction of greatest increase for p 7→ d(t0, p)+d(u0, p)+d(v0, p) is directly into R, normal to
γ. So (t0, u0, v0, p0) is a type N critical point, and MN = {(t, t, t, p) : p is the closest point to t ∈ γ}
is a submanifold of type N critical points.
6. Type D Critical Points
Our goal in this section is to describe when type D critical points occur for the functional
f : Pγ → R. Recall the notation fixed in the previous section. The functional f has a boundary
critical point of type D at (t0, u0, v0, p0) if and only if the gradient vector of f points orthogonally
outward along the boundary of Pγ . Equivalently, this requires that line segments t0p0, u0p0, v0p0
are orthogonal to γ (and thus γ), that p0 lies on γ, and that the vector d/dp|p0f(t0, u0, v0, p) in
the 2-dimensional space containing γ is normal γ, pointing outwards. We therefore consider the
possible numbers of distinct lines normal to γ all passing through a single point p on γ.
γ
γ
p
Figure 10. Three lines through p normal to γ
As discussed earlier, we assume in Sections 5 through 8 that γ is sufficiently close to a circle,
so that in particular γ encloses its evolute. We will next see that this is sufficient to ensure that
there are at most two distinct lines normal to γ passing through a single point on γ. First, recall
that the evolute of a smooth curve is the envelope of its normal lines; in particular, the evolute of
a circle degenerates to a single point, its center.
Lemma 6.1. Let γ be a smooth closed curve sufficiently close to a circle, so that its evolute lies
strictly inside γ. Fix  > 0; then for every point of γ there exist exactly two lines passing through
it which are also normal to γ.
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Proof. In general, given a fixed curve in a 2-dimensional space, we may define a function on the
space by mapping each point in the space to the number of distinct lines normal to the curve
passing through that point. This number is constant for points in the connected components of
the complement of the evolute of the curve (see, for instance, [2]). Now γ is obtained from a circle
by a sufficiently small deformation so that the common evolute of γ and γ does not intersect γ,
so that γ and γ lie in the same connected component of the complement of the evolute. Thus the
number of lines normal to γ passing through a point on γ is always two. 
We therefore see that if (t0, u0, v0, p0) is a type D critical point of f , then with p0 fixed, each of
t0, u0, v0 are one of exactly two points on γ whose line segments connecting them to p0 are normal
to γ. Because d/dp|p0f(t0, u0, v0, p) is normal to γ pointing in the outward direction, it must also
be the case that t0, u0, v0, p0 all lie on a single diameter of γ. Recall that a diameter of convex
closed curve γ is a line normal to the curve at two points. Finally, since d/dp|p0f should point
outwards from γ, we conclude that all type D critical points are associated with diameters of γ in
one of the two configurations shown in Figure 11.
p0 t0, u0, v0
γ
γ
(a) Case 1
p0 u0, v0
γ
γ
t0
(b) Case 2
Figure 11. The only possible configurations of type D critical points
7. Computation of Morse Indices
We proceed to find of the Morse indices of type D critical points of the tripod functional f
defined from a curve γ in the planar, spherical or hypberbolic geometries in the Cases 1 and 2
shown in Figure 11 by computing the indices of Hess(f) at these critical points. To do this, we
approximate γ and γ up to second order by osculating circles near the points t0, u0, v0, p0. In our
calculations the condition that γ is sufficiently close to a circle is used to assume that the radii of
the osculating circles are arbitrarily large in comparison to the distance between their centers, and
that the radii are approximately equal.
In fact the indices of the type D critical points are the same in the planar, spherical, and
hyperbolic geometries. We first state the following definition before giving the results of our com-
putations.
Definition 10 (Orientation of a Diameter). If ab is a diameter of the smooth curve γ and if c(x)
is the center of curvature of γ at x, then the orientation of ab is the dot product of the unit vector
pointing from a to b and the unit vector pointing from c(a) to c(b).
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a
c(a) c(b)
b
(a) Positively oriented diameter
a
c(a)
c(b)
b
(b) Negatively oriented diameter
Figure 12. Orientations of diameters
The results of our computations of the indices of type D critical points are then as follows,
labeled by the configurations depicted in Figure 11:
Case 1
{
3, for negatively oriented diameters,
4, for positively oriented diameters.
Case 2
{
2, for negatively oriented diameters,
3, for positively oriented diameters.
The computations in the planar, spherical, and hyperbolic geometries are quite similar. Below
we include some of the details of our computations in the hyperbolic geometry setting.
7.1. Case 1, Hyperbolic Geometry. We use the Poincare´ disk model shown in Figure 13; oq is
a segment of a diameter of the curve γ (not shown) so that the type D critical point (t0, u0, v0, p0)
of f is given by p0 lying on this diameter and γ, closer to o, and t0 = u0 = v0 all lying on the
opposite side of this diameter on γ. The curve γ has radius of curvature r at point p0, with center
of curvature o, while γ has radius of curvature R at point t0 = u0 = v0, with center of curvature
q. Note carefully that ||oq|| = d is defined to be a signed distance with sign corresponding to the
orientation of the diameter of γ through oq. Our assumption that γ is sufficiently close to a circle
allows us to assume that r is close to R and that the magnitude of d is small.
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o
α
γ
δ
p
v
u
q
||op|| = r
||oq|| = d
||qt|| = ||qu|| = ||qv|| = R
β
t
Figure 13. Case 1, hyperbolic geometry
We perturb t, u, v, p from t0, u0, v0, p0, respectively, along the corresponding curves (γ and γ),
approximating up to second order by moving along the appropriate osculating circles by angles
α, β, γ, δ, giving the following coordinates:
p = (−r cosα,−rsinα)
≈ (−r(1− α
2
2
),−rα),
t = (d+R cosβ,R sinβ)
≈ (d+R(1− β
2
2
), Rβ),
u = (d+R cos γ,R sin γ)
≈ (d+R(1− γ
2
2
), Rγ),
v = (d+R cos δ,R sin δ)
≈ (d+R(1− δ
2
2
), Rδ).
Define the function
g(α, β, γ, δ) = d(t, p) + d(u, p) + d(v, p),
where d(x, y) = arccosh
(
1 + 2 ||x−y||
2
(1−||x||2)(1−||y||2)
)
is the hyperbolic metric and || · || is the usual metric
in the plane restricted to the disk. We then analyze the signs of the principal minors of the Hessian
of g. Below, Mi denotes the ith principal minor of the 4 × 4 matrix Hess(g), the determinant of
the i× i upper left corner of M .
(1) M4: Letting r = R, we find that
lim
d→0
det(M4)
d
=
−6R3
(R4 + 1 + 2R2) (−1 +R4) .
(2) M3: Letting r = R and d = 0 we find that
det(M3) = − R
3
(R2 + 1)3
.
(3) M2: Letting r = R and d = 0 we find that
det(M2) =
2R2
(R2 + 1)2
.
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(4) M1: Letting r = R and d = 0 we find that
det(M1) =
−3R
R2 + 1
.
Having assumed that d is small, we obtain:
Leading Minor Sign
M1 −
M2 +
M3 −
M4
{
− if d < 0
+ if d > 0.
The following property of linear algebra [13] then allows us to conclude that Morse index of type
D critical points of the tripod functional f in the Case 1 configuration is 3 if d < 0 and 4 if d > 0.
Proposition 7.1. Let A be an n × n symmetric matrix with principal minors A1, A2, . . . , An
nonzero. Then A1, A2/A1, . . . , An/An−1 are the diagonal entries in a diagonalization of A.
o
α
β γ
δ
p
t
v
u
q
||op|| = r
||ot|| = r + 
||oq|| = d
||qu|| = ||qv|| = R
Figure 14. Case 2, hyperbolic geometry
7.2. Case 2, Hyperbolic Geometry. We have nearly the same situation as before, but now t0
lies on γ on the same side of the diameter through oq as p on γ. Using approximations similar to
before, we have:
p = (−r cosα,−r sinα),
t = (−(r + ) cosα,−(r + ) sinα),
u = (d+R cos γ,R sin γ),
v = (d+R cos δ,R sin δ).
Again we define the function
g(α, β, γ, δ) = d(P,X) + d(P, Y ) + d(P,Z),
where d(x, y) = arccosh
(
1 + 2 ||x−y||
2
(1−||x||2)(1−||y||2)
)
is the hyperbolic metric and || · || is the usual metric
in the plane restricted to the disk. We again analyze the signs of the principal minors of Hess(g),
and in addition to our assumptions that γ is close to a circle we may further take  to be arbitrarily
small.
(1) M4: Letting r = R, we find that
lim
→0+
lim
d→0

d
det(M4) = − 2R
4(R2 + 1)
(R4 + 1)
3
2 (R2 − 1)2
.
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(2) M3: Letting r = R and d = 0, we find that
lim
→0+
det(M3) =
2R4
(1−R2)(R2 + 1)2 .
(3) M2: Letting r = R and d = 0, we find that
lim
→0+
det(M2) = − 4R
3
1−R4 .
(4) M1: Letting r = R and d = 0, we find that
lim
→0+
det(M1) =
2R2
1−R2 .
Again applying Proposition 7.1, we find that the Morse index of type D critical points of the tripod
functional f in the Case 2 configuration is 2 if d < 0 and 3 if d > 0.
8. Conclusions from Morse Theory
In the previous section, we computed the Morse indices of type D critical points of the tripod
functional f of a curve γ sufficiently close to a circle along the boundary of our tripod configuration
space in the planar, spherical, and hyperbolic geometries. With this information we may prove our
results on tripod configurations.
First we note that the diameters of a convex curve come in pairs of positively and negatively
oriented diameters as defined in Definition 10. This can be shown using Morse theory to study
the distance function defined on pairs of points on the curve, similar to the approach employed in
[4]. Diameters of a curve γ also coincide with 2-periodic billiard trajectories inside γ; see [10] for a
discussion of signs of diameters in terms of the stability of 2-periodic billiard trajectories.
Proof of theorem 5.1. Let γ be a closed smooth curve in either the plane, spherical, or hyperbolic
geometry. Let the number of diameters of γ be d, and let n = d2 . Thus, n gives both the number
of positively oriented diameters and the number of negatively oriented diameters of γ. Now given
a critical point (t0, u0, v0, p0), we may either permute t0, u0, v0 or move each of t0, u0, v0, p0 to the
opposite side of the diameter associated to the critical point. Therefore for each diameter of γ there
exist 2 type D critical points in the Case 1 configuration, and 6 type D critical points in the Case
2 configuration. Using the Morse indices determined by our computations in Section 7, we see that
the Morse polynomial for the type D critical points of γ is:
MDf (t) = C(t) + n(2t4 + 6t3) + n(2t5 + 6t4),
where C(t) is the polynomial
C(t) =
∑
k
|Ck|tk.
The Poincare´ polynomial of the tripod configuration space is:
PM (t) = (1 + t)
3.
Thus, by Proposition 5.3 we have:
MDf (t)− t5PM (
1
t
) = (1 + t)QD(t),
C(t) + n(6t3 + 8t4 + 2t5)− t5(1 + 1
t
)3 = (1 + t)QD(t),
C(t) + (1 + t)(2nt4 + 6nt3)− (1 + t)3t2 = (1 + t)QD(t).
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This shows that (1 + t) divides C(t). Further note that
(1 + t)(2nt4 + 6nt3)− (1 + t)3t2 = (2n− 1)t5 + (8n− 3)t4 + (6n− 3)t3 − t2.
Now the t2 coefficient above is −1, while QD(t) has nonnegative coefficients, so (1 + t)(2nt4 +
6nt3) − (1 + t)3t2 6= (1 + t)QD(t) and thus C(t) 6≡ 0. Let C(t) = (1 + t)(aktk + · + ajtj), where
0 ≤ j ≤ k and ak, aj 6= 0. Because C(t) = aktk+1 + · · · + ajtj has nonnegative coefficients, we see
that ak and aj must be strictly positive. It follows that C(t) has at least two terms of different
degree with positive coefficients; i.e. f has at least two critical points corresponding to two distinct
tripod configurations. 
We conclude this section by stating two conjectures below which would generalize Theorem 5.1
and appear to be natural extensions of results in the planar case.
Conjecture 8.1. Every smooth closed convex curve in the spherical or hyperbolic geometry has at
least two tripod configurations.
Conjecture 8.2. Every smooth closed curve in the spherical or hyperbolic geometry has at least
one tripod configuration.
9. Tripod configurations for regular polygons
In this section we discuss an extension of the problem of counting tripod configurations to the
setting of regular polygons. Recall that for a triangle with no angles exceeding 2pi/3, there exists
a unique point inside the triangle at which the lines drawn from that point to the triangle vertices
make angles of 2pi/3, the Fermat-Toricelli point. Given a polygon, define a tripod configuration
to be three lines `1, `2, `3 passing through a point p such that each of the lines passes through a
different vertex of the polygon and is perpendicular to a support line of the polygon through that
vertex. We consider below whether such configurations exist for regular polygons.
In general, if a tripod configuration exists for any polygon with lines passing through vertices
v1, v2, v3, then the point p where all three lines coincide must be the Fermat point of the triangle
formed by these three vertices (which must also have no angles exceeding 2pi/3); however, the
additional conditions that pv1 must make an angle less than pi/2 with the two sides meeting vertex
v1 and analogously for p and v2, v3 must also be satisfied.
Figure 15. A support line at a vertex of a polygon
The remainder of this section is devoted to proving the following theorem:
Theorem 9.1. A regular n-vertex polygon has n tripod configurations if 3 - n and has n/3 tripod
configurations if 3 | n.
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9.1. There exist tripod configurations for all regular polygons. We know that there exists
a single tripod configuration for an equilateral triangle corresponding to its Fermat-Toricelli point.
Now consider a regular polygon Q with n sides and vertices labeled v0, . . . , vn−1 (in cyclic order).
We consider candidate “isoceles” tripod configurations: we choose three vertices of Q that make an
isoceles triangle, find its Fermat-Toricelli point, and check whether the three lines passing through
it and one of the three chosen vertices form a tripod configuration of Q by determining whether
support line condition is satisfied. By symmetry it suffices to consider the isoceles triangles with
vertices v0, vk, vn−k and Fermat-Toricelli point P . Then we compute (working in degrees):
Vertex angles of Q y := 180− 360
n
a :=]v1v0vk = ]vk−1vkv0 = ]vn−1v0vn−k = ]vn−k+1vn−kv0 =
(180− y)(k − 1)
2
b :=]vk+1vkvn−k = ]vn−k−1vn−kvk =
(180− y)(n− 2k − 1)
2
The support line condition described above is equivalent to ]vk+1vkP < 90 and ]vk−1vkP < 90.
Using the above expressions, we find that
]vk+1vkP = 30 + b = 90 +
120n− 360k − 180
n
]vk−1vkP = y − (30 + b) = 90 + −120n+ 360k − 180
n
So we require that |120n − 360k| < 180. There are the three cases n = 3m, n = 3m + 1, and
n = 3m+ 2 for some m ∈ Z+. If n = 3m or n = 3m+ 1, then only k = m satisfies this condition;
if n = 3m+ 2, then only k = m+ 1 satisfies this condition.
9.2. The tripod configurations for regular polygons listed above are the only tripod
configurations. As for tripod configurations for smooth curves, the support lines corresponding
to the lines forming a tripod configuration of a regular polygon Q form an equilateral triangle; any
tripod configuration of a polygon corresponding to vertices vi1 , vi2 , vi3 is associated to an equilateral
triangle enclosing Q and meeting it at the three vertices.
We may count the configurations of “circumscribing” equilateral triangles about Q. By symmetry
it suffices to count the number of such triangles passing through a particular point, say v0, when
the vertices of regular n-polygon Q are labeled cyclically as before, and we may further suppose
that the angle made by the side of the circumscribing equilateral triangle passing through vertex
v0 measures less than
180−y
2 .
Q
`1
`2
`3
Figure 16. Rotating “circumscribing” equilateral triangles about a regular polygon
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We again consider the three cases n = 3m, n = 3m+1, n = 3m+2 separately. For n = 3m, begin
with the equilateral triangle circumscribed about Q with sides which are segments on lines `1, `2, `3
passing through vertices v0, vm, v2m respectively. Rotating `1 about v0 towards v0v1 decreases the
angle between `1 and v0v1 by the same amount that the angles between `2 and vmvm+1 as well as
`3 and v2mv2m+1 decrease as `2 and `3 are rotated about vm and v2m, respectively, to ensure that
the triangle defined by `1, `2, `3 remains equilateral. Continuing to rotate `1, `2, `3 in this manner,
we will find no new circumscribing configurations (up to rotational symmetry) will be produced
once v0v1 lies on `1. So the only tripod configuration for Q when n = 3m is the one associated
with the triple described above: v0, vm, v2m and its rotated analogues.
Next we consider the case n = 3m+ 1. From before we know there exists a circumscribing equi-
lateral triangle about Q with sides lying on lines `1, `2, `3 passing through vertices v0, vm, v2m+1
respectively. We again consider all possible circumscribing equilateral triangles by rotating `1, `2, `3,
with `1 rotated about v0 to decrease its angle with v0v1 and `2, `3 rotated in the same direction and
possibly translated in order that the equilateral triangle defined by `1, `2, `3 continues to circum-
scribe Q. At any point of the rotation of `1 towards v0v1, `2 will be rotating about vm or vm+1, and
`3 will be rotating about v2m+1 or v2m+2. So we only need to check whether any of the three vertex
triples v0, vm, v2m+2, v0, vm+1, v2m+1, and v0, vm+1, v2m+2 are associated with tripod configurations.
After rotation we see that v0, vm+1, v2m+1 is equivalent to v0, vm, v2m+1, while v0, vm+1, v2m+2 is a
distinct isoceles configuration; the previous section showed that this is not associated with a tripod
configuration. It remains to consider v0, vm, v2m+2. This occurs only if the acute angle between `2
and vm−1vm is smaller than the acute angle between `2 and vmvm+1. But it is easily computed
that the two angles (in order) measure in degrees
300
3m+ 1
and
60
3m+ 1
.
So the last case is also not associated with a tripod configuration, and the only tripod configurations
are the ones associated with the triple v0, vm, v2m+1 and its rotated analogues.
Finally we consider the case n = 3m+2. The argument goes as before, and we then need to con-
sider the following triples: v0, vm+1, v2m+2, v0, vm+2, v2m+1, v0, vm+2, v2m+2. Now v0, vm+1, v2m+2 is
equivalent to by symmetry to v0, vm+1, v2m+1, and v0, vm+2, v2m+2 corresponds to another isoceles
case known not to be associated with a tripod configuration. Finally we consider v0, vm+2, v2m+1;
if this triple were admissible, then the acute angle between `2 and vm−1vm would be larger than
the acute angle between `2 and vmvm+1. But in order, the two angles measure (in degrees)
60
3m+ 2
and
300
3m+ 2
.
So the last case also does not correspond to a tripod configuration. We conclude that for all regular
polygons Q, the tripod configurations described above are the only tripod configurations of Q, with
the exact counts arising from rotational symmetry.
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